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The expansion of a three-dimensional toroidal magnetohydrostatic equilibrium around its
magnetic axis is reconsidered. Equilibrium and stability plasma-f estimates are obtained in con-
nection with a discussion of stagnation points occurring in the third-order flux surfaces. The
stability criteria entering the [f-estimates are: (i) a necessary criterion for localized disturbances,
(ii) a new sufficient criterion for configurations without longitudinal current. Hamada coordinates

are used to evaluate these criteria.

I. Introduction

The equilibrium and stability of toroidal three-
dimensional magnetohydrostatic configurations have
already been treated several times! % The com-
mon basis of these investigations is the expansion
of the equilibrium with respect to the distance from
the magnetic axis; results are obtained from the
third order of this expansion. Although this method
has not only been developed generally but has also
led to explicit results for specific configurations, it
was found necessary for several reasons to recon-
sider this problem. The results in the literature
suffer from special and ad hoc choices for the third-
order coefficients occurring in the description of the
geometry of flux surfaces. These third-order coeffi-
cients determine the existence and position of stag-
nation points, which in turn determine the aspect
ratio of the plasma column. Therefore, a complete
discussion of the stagnation points occurring in the
third-order flux surfaces, which is also missing in
the literature, is essential in order to obtain esti-
mates for limiting equilibrium and stability § val-
ues. In addition, most of the final results are ob-
tained for a small ellipticity parameter of the flux
surfaces. This minor deficiency of the published
results, which impedes their applicability to actual
configurations, can also be eliminated.

In the course of the work it was found that it
was essential to redevelop the theory self-sufficiently.
This made it possible to check the algebraically
tedious calculations step by step with the help of
the Reduce’® algebraic programming system. By
this procedure we obtained a complete set of general
formulae. In Sec. II we introduce the notation and
obtain a general expression for the magnetic well,

which is the most complicated quantity occurring in
the stability criteria; in Sec. III we list the relevant
equilibrium formulae; Sec. IV contains the stability
criteria used; in Sec. V we discuss the stagnation
points occurring in the third-order flux surfaces and
their relation to the f estimates obtained from the
stability criteria.

II. Notation, Description of Magnetic Surfaces,
and Formal Expression for the Magnetic Well

Let the magnetic axis be described by its curva-
ture » and its torsion 7. If [ describes the arc length
along the magnetic axis and g, ¢ are polar coordi-
nates in a plane perpendicular to the magnetic axis,
@ being counted from the normal of the magnetic
axis in such a way that {g, @, [} is a right-handed
coordinate system, then its metric is given by

ds?=do%+0%dg? —2702dpdl + [(1 —»pcos )2
+1720%] di?,
Vg=0(l—xocosg), (1)
where 7 is defined to be positive for a magnetic axis
whose moving trihedral turns counterclockwise. Fur-
thermore, let the contravariant components B¢, B?,
B! of the magnetic field B be given by
Bt=a,0+a;0*+0(0%
B?=by+b10+0(e% , (2)
Bl=cy+cio+c0®+c50°+0(0%)
let V' be the volume inside a magnetic surface,
V=V:0"+V30*+0(c%) ,
and let @ be the longitudinal flux.
Because of

V=[Vgdodpdl, ®=[VgBdodp (3)
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one obtains

D=cyF+0(0Y), F=[Vgdodyp,
where F is the cross-sectional area of the magnetic
surfaces normal to the magnetic axis, so that

V=cyF$dlfcy+0(0%) . (4)

We choose the following third-order representation
for the area F

1
F=ale(Zcosa—isina)2+ — (Zsina+7cos a)>
Yy " Y

—493% (6cosusin?u + Acos®usinu)], (5)

with
u=p+a,

_ 2n S , 5 I .5
x=Qc05(p+~Z4:Q e cos“u + —e—sm ul,

_ . 2w s 3 1.,
Yy=0sin@+ —L—;Q (ecos u+ ?sm u),
where L is the length of the magnetic axis.

Then, e is the half-axis ratio of the elliptical (in
second order) plasma cross-section. For e<1(>1),
a is the angle between the (bi-) normal of the mag-
netic axis and the major half-axis, and a is counted
in such a way that it increases for cross-sections
rotating counterclockwise with increasing arc length.
Since the elliptical cross-section has to make n/2
(n integer) full turns over the length of the mag-
netic axis, (L) —a(0) =n z. The non-dimensional
third-order quantities ¢ and 4 describe symmetric
and antisymmetric triangular deformations of the
surface, where the symmetry holds with respect to
u=0. The quantities S and s describe shifts of the
magnetic surfaces with respect to the magnetic axis
in the directions normal and binormal to the mag-
netic axis, S and s being positive for shifts anti-
parallel to the normal and the binormal respectively.
We now express the quantity (1)/ D characterizing the
magnetic well on the magnetic axis (where the dot
represents the derivative with respect to the volume
V) in terms of the quantities introduced above.
Because of Egs. (3) a simple calculation leads to

B|D = (1co Vs®) [3Va(co— eq cos 7)
== V3 CI] d(P dl.

Anticipating a simple result of the equilibrium cal-
culation (Sec. III), ¢; =2 % ¢, cos @, one obtains

e 7.3 didy [ ¢
45/45=J"722 (200

9 9
-- %° cos” r,z)

2 SL
L(§ dl/C0)2 C()2

.{.E‘S_(Asina+6cosa) . (6)
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Here, apart from cz, the three third-order coeffi-
cients 0, 4 and S occur. Since the equilibrium equa-
tions connect 0, 4, S, and s, Eq. (6) does not de-
scribe @/ ® in terms of prescribable parameters.

III. Equilibrium Calculation
The equilibrium equations
V-B=0, jxB=Vp, j=VxB

are solved in the following way. The divergence
equation

(VgB2),,+ (VgB7),,+ (VgB),1=0 (Ta)

and the two components of the momentum balance

PV’O=V5(].¢BZ—].[BW) ’ (7b)
I')V,W=Vg_(le£’__]'eBl) ) (7C)

where
Vgj¢=Bi,—B,.1,
Vgi?=B,1—Bi,,
V;jl = B'v,o - Bg,’p s

are supplemented by the condition for magnetic
surfaces,

BeV,,+B*V,,+BV,=0. (74d)

It is easy to see that the third component of the
momentum balance is satisfied if Eqs. (7b—d) are
solved and if B'+0. The equilibrium calculation
is performed in Appendix I. The first set of results is

ci=2%cypcos @,
ay=a+a.cos2u+asin2u,
by=bgy+ajscos2u —ajsin2u,

Vo=Voy+ Vs cos2u, (8)
c2=27by+ 3 co#2 cos? @ — ¢y 72 — by bo/cy

—}(bogi+ ) —pValco

with
ap=—3%cy, bo=3j+7co,
. |
— (bp+ad) S,
ais= (boo+ o )e2+1
ale=—co€/2e, (9)

Vo= 5 Teolet+1e) ,

Wi — i;—lco(e_ 1/e), I1=$§dlfcy,

where the prime indicates the derivative with respect
to the arc length [ and j is the current density on
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the magnetic axis. Instead of by we shall also use which boo=co[3Ky (e+1]e) —a'],
the quantity ais=3c Ko (e—1/e) .
Ky = (jleco+27+20d")/(e+1]e) , (10)  Those parts of the second set of results which are

Gy . luation of the magnetic well
which is related to the rotational transform ¢ by necessary for the Y gn
may be expressed in terms of b; and relations con-

27a0=Ko(L) - Ko(0) —a(L) +a(0) — § rdl necting the third-order coefficients, 4, 4, S, and s.
(11)  One obtains

[where a(L) —a(0) =n =z and ¢ vdl=27m, where by =by+by3,
m is the number of full turns of the normal over big =by1s(l) sinu 4+ byyc(I)cos u,
the length of the magnetic axis], and in terms of big=bygssin3u +byz.cos3u,

by =biys +15{2%sina[127co+co(—5a"+2Ky e +3Ko'/e)] +cosa(coe #fe+5¢) x+2cox’)},

(12 a)
bite=byie+5{2%cosa[127co+co(—50a +3Ky e+2Ky[e)] +sina(cye’ xfe—5¢ %z —2¢o%)}

(12b)

by =13 palcP?e 12 (b, cos a+ bjsina) , Em=%pn Ic®2e* 12 (bjcosa—b,sina), (13)

where the complex quantity b=b, +ib; solves
b’ +i(Ky —a')b=—exp(ia)cy 32x (e 12 cosa—iel2sina) (14)

with the boundary conditions b(L) =b(0). Introducing the notations

S,=Scosa—ssina, S,=Ssina+scosa (15)
one obtains
3 1 (¢ e')— -, 1 _, 1 (co' e')(s Iy ’
— |- = - — —|=—=—)8-0—-Ky A4=Ry,
(e+ e [ 2 \ ¢ B e Se+ 5o+ e Ko 5, | + 2\cy e v : (16)

-—(1 o +ii>§5+§s,—9K0,§c] —é? [—%(&+%)A+A'l +eKyd=Rs,

Co

’ ’ ’ 16 —
+cosa [&(e— -?—) +2 x—(e+ -2~)—e—(3e+1)] +—Lb115},
co e % e e e 3 xc

L roo 17
Ro=e? x{2cosa[[{0+a (2e—i)~4t/e] (17)
8z e
4 § 1 16 1 —
+sina[cL(L—2e) +21(26+L)+—e—<28+i)]—— buc},
co \e P e e e 3 exc

Equations (10), (11), (14), and (16) [or Eq. (A 31) of Appendix I] may be used to discuss the conse-
quences of the rotational transform being integer (seee.g.® ®).

Finally, we use the result for c,, Eqs. (8), and reduce the expression for the magnetic well, Eq. (6),
to the following form:

b L AHaf= 1 (1 _(J\_1
¢/¢_23(§dl/co)2 ¢002{2 [e+ e <e_ e)cos2a] (co) e+1/e
_ (e=1/e)?

e v L S R v A Sy Ka
2 9 (% 2 \N_ (€ 2y, G € [ 1
e+1/e ) 4(60) e+e Tiel VT % +c0 e \° e

1 dl 2 4 . 18)
_§_—dl/copéﬁ_f@-dl/coﬁﬁcx?[?s_(A51na+'6cosa)] dl. (
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IV. Stability Criteria

We employ the following stability criteria. The
sufficient criterion? for a configuration with non-
vanishing current density on the magnetic axis reads
(for p<0) /b4 p|vel>0. (19)
This criterion applies to the case of a perfectly
conducting wall at the plasma boundary and has
been used before to discuss the stability of axially
symmetric equilibria ® ?. The sufficient criterion for

a configuration with vanishing current density on
the magnetic axis is

D/D+p§|vIPAI>0, (20)
which is less restrictive than inequality (19) and
applies without a perfectly conducting wall at the
plasma boundary. This criterion is an improvement
of earlier sufficient criteria!® and is derived in
Appendix III. The necessary criterion?! is used in
the form 8

BB+ p [ go0|VV[2d0dE>0.  (21)

The results are

g L i
V= g+ Lmle=nel)® + (Gile—£cl)®]
U=

wtly .
[ 900 |VV[2d6 = LEITT 120 I +17—

Note that the criteria (20) and (21) are such that
the second term in the expression for the magnetic
well, Eq. (18), cancels with the first term in Equa-
tions (22), (23). Also note that the necessary
criterion and the sufficient criterion (20) are iden-
tical if x =0, i.e. for a straight magnetic axis. We
therefore obtain the result that a straigth equilib-
rium with j=7=a" =0 can be stable for e>2 + 13
(with respect to the necessary criterion this was
found before; see ! 11). From Egs. (16), (17) it is
also clear that, for a straigth magnetic axis, S=s
=0=4=0 is a solution of the third-order equa-
tions. We conclude that there is no limitation for
the plasma-f of the stable configuration constructed
above within the framework of the third-order ex-
pansion around the magnetic axis since there are
no stagnation points in the flux surfaces in this case.

V. Stagnation Point Discussion
and Beta Estimate

It is easy to see that the explicit dependence on a
in Egs. (14), (16), (17) can be removed by intro-

D. Lortz and J. Niihrenberg - Equilibrium and Stability of Toroidal MHD Configurations

In the above formulae V, 6, { are Hamada coordi-
nates. In Appendix II we introduce these coordi-
nates and reduce the criteria. The results may be
described in terms of the quantities &., &, %c, s>
l., I, which are defined as follows: &., &, %¢, 9,
are given by

&= (ly:) 12 (e!?sinasinK +e 2 cosacosK) ,
&= (alys) 12 (e'sinacos K —e 12 cos asinK) ,
Ne= — () "1 (e 2sinacos K
1/2

—el2cosasinK) ,

ns= (lys) 712 (e 2 sin asin K + €' cos a cos K) ,
where [({) is the arc length as a function of { in
lowest order in the distance from the magnetic axis,

ly-=col, and K'(l) =K, (1) —27t/cyl. The quan-
tities [, (£) and L ({) obey the equations

Lee—loseleflos+2meli =221y &,
ls: = l().:: ls/lO,: — 2 Tl lc = 2 Ve l()’/: Es .

(22)
s lcz) (7752 ’—7777(:274'75'&»52 :§£?) j}filchlsi(ﬂc 7]s =+ S&c §<)

2 2 2 g2, g2

e + 7"+ 15 S¢-+ 65 (23)
ducing
b= [b,.cos a+b,sina+i(b; cosa+ bissina)]

“exp(ia),

0=0,cosa+0sina,
_A:ACcosa—{-Jgsina, (24)

Se=Sc.cosa+ Ssina,
Ss=Sccosa+Sisina.
Considering the expressions for the volume Egs.
(A 26), (A28) at the values a=0, /2 (where the
elliptical cross-section aligns its half-axes with the
normal and binormal of the magnetic axis), one
finds that 6,=4.=S.=S.. =0 is equivalent to the
cross-section being symmetric with respect to the
osculating plane. There are many physically inter-
esting cases (e, g. axially and helically symmetric,
[ =2 stellarator, and t=0 M & S equilibria) where
solutions with this property may be found. Since
there is no indication that this property is detrimen-
tal to equilibrium and stability properties, we re-
strict our discussion to cases where this symmetry
holds: A=A sina,
S.=S,sina.

d=0.cosa,

S.=S.cosa, (25)
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One then obtains

L2 1
—Icy|—ex®+

V= oa 2

where dimensionless variables  and y have been
introduced:

_ 2a 0 23
T=-;-Qcosu, y=-, gsinu.
We now discuss the large aspect ratio properties of
Egs. (13), (16), (17), (26). From Eq. (26) we

obtain for the volume V' of a magnetic surface on
which a stagnation point lies

VinL3/42, 3= (S.,S,,0,45) ~4

where A measures the aspect ratio. Two different
cases have to be considered.

Case I: The number n of field periods is fixed,
n~0(1). Then 3'~ A/L, provided that | p L3/cy?,
< O(4). Defining the plasma f by

[odv)f3Be as 2%,
AefpWV 3B P~ =G faa 7
we therefore obtain
L3
p~ | Bl 22, (28)

i.e. f~1/A4. This situation is typical of tokamak
and stellarator equilibria with finite rotational trans-
form [¢~0(1)].

Case II: The number n of field periods is O (4).
Because of Eq. (14) two subcases depending on the
magnitude of the curvature are obtained.

Case Ila: x~n/L. Then X'~nAJL provided
that |p L3/c?| < An. So, f~1 in this case, which
is typical of, for example, M & S equilibria.

Case IIb: %x~1/L. Then 3'~nA/L, provided
that |pL3/ci®| < An2 Thus, f~A in this case,
which is typical of /=2 stellarator equilibria with
a large number of field periods [n~0(4)].

We briefly mention the additional restriction im-
posed by taking into consideration one of the sta-
bility criteria (19) — (21). We restrict our discus-
sion to cases without longitudinal current on the
magnetic axis or ¢)= const if there is a longitudinal
current on the magnetic axis, because, for these
cases, the diamagnetic deepening of the magnetic
well [the second last term in Eq. (18)] cancels with
the first term in Equations (22), (23). One then
finds that the stability criteria (19) — (21) obey the
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1 5 5 Dk . 5 | D¢ Ss .
,2,é,y~+x3e50cosa +x-y(7 —_/L)sma +ay? (,,,é,, —6c) cos a+y3 3 sinal,

(26)

same scaling with aspect ratio. Using Eq. (18), one
easily verifies that for each of the cases I, Il a, IIb
there are stable equilibria. For Case IIb this is of
course the toroidally closed equilibrium discussed
in Section IV.

We conclude this section with a discussion of the
cross-section of the magnetic surfaces given by Eq.
(2) at a=0, «/2. This will provide bounds for the
aspect ratio and the volume V. For this particular
purpose it is convenient to introduce the following
transformation (the so-called “rounded coordinate
system” 3) :

1=ilVe, S.=S.Ve, 8.=3/Ve,
y=gjVe, S,=S.Ve, A=AVe
Then
V(a=0)~ (32 +32)
+8 S, + 252 (Se—30) 1
V(ie=a/2) = L@ +?)

+ S5+ B2 (Ss - 45)1,
so that it is sufficient to discuss the one parameter
family of normalized flux functions

T=32+w?) +v®+vwD, (29)

where v—xSc, w= ySc, D=1- 5C/S for a=0
and v-ySs, w—xSs, D=1- AS/S for a=n/2.
The following intervals have to be distinguished:

D>3/2, =(D-1)/(8D3) <1/54,

322zD=-3, T,=1/54, (30)

-3>D, T,=(D-1)/(8D% <1/54.
There is always a stagnation point at v= —1/3,

w =0 and a straigth field line of the transverse field
at v= —1/(2D). (Representative cases are plotted
in Figure 1.) Because of Egs. (30) the following
bounds are obtained for the aspect ratio and the
volume V,:

A = 3 max (|S.],]S:]/e) (31)
1 12
vV, < 51 9m “— I cymin (e/S.2, €3/S%) .
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Fig. 1. Contour lines of the function
3 +w?) +v*+vw? D for various values
of D. The v-axis points to the right, the
w-axis upward. There is always a straight
contour line at v=—1/(2D) and a stag-
nation point at v=-—%, w=0. Special
cases are D=3, 0, —3, where a degener-
ate stagnation point, no straight contour
line, and three stagnation points on one
contour line occur respectively.
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We stress that taking into account the limits im-
posed by Inegs. (31) is by no means sufficient to
obtain valid f estimates according to Equation (27).
The third-order equilibrium equations Egs. (16),
(17) impose additional restrictions since they con-
nect p, S., Ss, 0. and 4. In order to obtain a
correct § estimate, the following procedure has to
be observed. Either S, S; or 4., 45 and p may be
prescribed; then 9., 45 or (S.,S;) are calculated
according to Equations (16), (17). The stagnation
points of the third-order flux surfaces Eq. (26) are
calculated for each value of a, which leads to a
maximum admissible volume V(a) [an upper esti-
mate for this quantity is provided by Eq. (31)];
the minimum value of the volumes V' (a) has to be
inserted in Eq. (27); to eliminate the arbitrary
choices for S, S; and p, the f-value has to be op-
timized with respect to these quantities. Only this
optimized f-value may be considered as a quantity
which characterizes a basic property of the configu-
ration which is studied. If one wants to obtain a
estimate taking into account a stability criterion, an
additional inequality resulting from one of the Eqgs.
(19) — (21) for the quantities S, S5, and p has to
be satisfied.

VI. Conclusion

In this paper we have established a consistent
procedure to obtain an estimate for equilibrium and
stability S-values in three-dimensional toroidal equi-
libria. In particular the evaluation of a stability
criterion is not sufficient to obtain a [-estimate.
Rather, the stability criteria have to be used as side
conditions for the equilibrium f-estimate which in
turn is obtained from a discussion of stagnation
points in the third order flux surfaces.

The p-values obtainable by this procedure are
estimates mainly because the stagnation points in
the magnetic surfaces may shift if the equilibrium
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theory is refined (for example, by taking into ac-
count fourth order terms or by considering exact
equilibria). Our experience with axially symmetric
equilibria [9] has been that, if the third order theory
predicts a separatrix near to the magnetic axis, the
results are only weakly changed by considering ex-
act equilibria.

As an application and an example of a three-
dimensional configuration we have already treated
the [=2 stellarator with circular magnetic axis,
without longitudinal current on the magnetic axis,
and with uniformly rotating elliptical cross-section.
Since rather lengthy calculations and optimizations
have to be done to obtain unequivocal results, we
reserve the details to a subsequent paper. The im-
portant result is that the bounds in the equilibrium
and stability S-values are lower than has commonly
been assumed. Irrespective of the parameters de-
scribing this type of stellarator, there are upper
limits of 0.66% and 0.22% for the necessary and
the sufficient stability criterion respectively. These
results can be extended in several ways. Including a
longitudinal current will close the gap between toka-
mak results (see, for example 8) and the results for
the [ =2 stellarator. Admitting a helix-like toroidally
closed magnetic axis will probably augment the
B-values obtainable (see?). Also, a systematic study
of helically symmetric equilibria (see for example 1?)
has still to be made. Toroidal ¢ =0 equilibria (see,
for example 13) also deserve a further study which
is readily feasible in view of the compact formulae

(16), (17).

Probably the most interesting question within the
framework of ideal MHD equilibrium and stability
will be whether there exist classes of stable equi-
libria with fS-values sufficiently larger than achiev-
able in axially symmetric devices in order to make
three-dimensional toroidal equilibria attractive de-
spite their complexity.

Appendix 1

Here we account for the equilibrium calculation leading to the results of Section III. Using the metric
given by Eq. (1) and the notation for the contravariant components of B given by Eq. (2), one obtains

B,=g,,B°=a10+a:0® +0(0%) ,
Bl=ngB°’+gzzBl =CO+Q(01_200%C05¢)

+02[—tbo+ca—2cy#cos @ +co(#? cos® g +17°) ]

Btngzp(pB(p‘I"gulBl . (bO_TCO) 92 I (bl"Tcl) Q3+0(Q4) ’

(A1)

+03[—7bi+ez3—2caxcosp+cy(#2cosp+12)] +0(0%),
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and Vgje=B1,—B,1 =0(c1,,+2coxsin )
+0%[—tby,+cap—2c1,%c0s @ +2cixsinp —2singcos @ cyx® —bo;+ (T¢y)’]
+03[—tby,+e3,—2Ca,%Cos P +2coxsing —2 ¢y #%sin @ cos @
+ 1, (#% cos? @ +7%) — by, 4 (Ter),1] +0(0%),
Vgj?=B,;—Bi, = — (¢; —2 ¢y # cos @)
+o0{ay;—2[—thy+ca—2ci%cosp +co(#2cos? o +12)]} (A2)
+02{as;—3[—7tbi+c3—2caxcosp +cy(#2cos?p+712)]} +0(0%) ,
V9i=B,,—B,,=02by—271¢ch—ay,) +0*(3b1—31¢ci—az,) +0(0®) .
We conclude that c1=2xcocos @ (A 3)
from the analyticity of the current density and introduce
j=2by—2t¢c)—ay,, (A4)

where j is the current density on the magnetic axis. We now obtain the developments with respect to ¢ of
Equations (7a—d):

O(p) of Eq. (7a): 2ay+bg,+ci =0, (A5)

O(0?) ofEq. (7Ta): 3ax+by,—3a;xcosq +byxsing —xcosqby, —co# cosqp+eci;—cg xcosp=0,

(A6)

O(0) of Eq. (Tb): 2pVs=coaj;—2co(—tby+ca—3co#2cos? p+cy1?) —by(2by—a1,,—27¢), (AT)

0(0%) ofEq. (7Tb): 3 pVs=2coxcos@ (aj;+5Tbo+ ca+ 3 co#? cos® p — 5 7% ¢) (A 8)
—bi (5by—51co—ay,) +eolaz;—3c3) +boas,,

O(0%) ofEq. (7T¢):  pVo,=a1(2by—271¢)—ay,,) (A9)

+co(t by, — 2, —6 %% cosinp cos @ +bg;—coT —co T)
0(0®) of Eq. (7¢): pVs,=a:(2bp—271¢)—ay,) +a1(3b; —6%1¢hcos @ —as,)

+ 2 ¢ % cos 1 ('! boy,, + bo'[) (A 10)

—co(—7by,+ 3., +2coxsing +6sin @ cos? g cgx® —2cyx 1 sinp — by )

—2¢pcos @ (27 cox +27¢cy x+T1C0%)
0(0?) of Ep. (7d): 2a1 Va+boVaop+cyVey=0; (A11)
0(@3) of Eq (7(1) 5 3a V3 +2a Vs + b() V3Y,,, + b1 ng,p + ¢co Vg,l +c Vg,l =0. (A 12)
Considering Eqs. (A4), (5), (11) and introducing the flux surface geometry up to second order by [ac-
cording to Egs. (4), (5)]

Vg = VQ() + Vgc cos22u

with Vo=3alcy(e+1/e), Vi=2alcy(e—1/e), I=§dl/c, (A13)
one finds that Eqs. A4), (5), (11) are solved by
by=bgy+bgccos2u+by.sin2u, a;=ayy—boscos2u +by.sin2u (A 14)
here . ; ,oe2—1 coe
v bo=%j+tco, an=—%¢c, b0c=(boo+coa)'ezjl_*fa 0s = ;é_’ (A 15)

or, if we introduce the quantity K",
K0’=(j/C0+2T+2a/)/(€+1/6) ) booZCo[%Ko/(e-f-l/e)—a’], b00=%COK0/(e—1/e) . (A16)

We now obtain ¢z from Eq. (A7) :
Cor= 27 bo +3 C %2 cos? P —Co T bgg bO/CO == % (b(],,,l + CON) s p VQ/CQ N (A 17)
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Equation (A 9) then reduces to

j/co = const.
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(A18)

The remaining Eqs. (A 6), (8), (10), (12) are treated as follows. Using the previous results, we obtain

a3 in terms of by, from Eq. (A 6):
1

a=1, — 3 bi,, ILi=I.cosu+Isinu,

1
lo=—5

I,= — L [coxcosa(KO —a') + L3
e 2

3

. ’ ’ 1 g f 4
—coxsina(e K —a)—{-?(co—e;zﬁ-f)co z+2c0x')cosa],
e

(A19)

e' ’ ’ .
(—cofx+5c0 z+2c0z)sma}.
e

The quantities c3 and V3 are eliminated from Equations (A 8), (10). The resulting equation contains only
as and by, so that an equation for b; can be obtained by inserting a» from Equation (A 19). The equation

for by is

S CO(3 bl.l +% bl,r;l;l) +% (bO,oo + 3 CO’) (3 bl + % bl,trq;) = bO (3 bl,v;p o fli bl,'pa*rp) = R ’
R=sinp[§xby2+%42xbobyy,+4xtcoby+4xpVatin coby,+%xcobog

’ 1 2 g ’ 4 /2 5 144 l 2"’
+dco %#bo,—1z%bo,t—Fcoc) % +Fcgix—Fcoco x—Yep? %]

(A 20)

+cos@[§xcoby,u+2co%tby, +27cocy #+IRconbyy—127 2% —4d T

f 2 . 1 2 1 g ’ 3 4
+2%p Vg,,r-}-g/.bnbn.,, +§9{b0,,, bo.,,.,p—2cox bo—’;gc‘ok boy,r,p—lgakCO b0—§CO Hbo,,p,p] .

The decomposition
by =bii+biz, bu=bus()sinu+by(l)cosu,
big=>by3s()sin3 u + b3 (l)cos 3 u (A 21)
shows that Eq. (A 20) is merely an equation for by;:
—2cobitale+ (b +3 ¢ ) b1 —2boby, =3 R.

If we further resolve by; into force-free and pressure
p
gradient dependent contributions:

biy 2;)11 +byy,
where by, satisfies the equation
~D ey gle+ (oot 365 1Dy —2 be by
=3xp(2Vasing+cospVs,), (A 22)
then the equation for I;n is solved by
(A 23)
l;llc=-f‘g{2xcosa[12zco +e(—5a +3K, e
+2Ky'/e)] +sina(cpe’ #fe—5¢cy x —2¢y)},
bus=75{2xsina[127¢)+¢)(—5d +2Kg e
+3Kyle)] +cosa(cye #fe+5¢) % +2¢co%)} .

bn = an cosu+byssinu,

Introducing

311 =311c cosu +_5115 sinu,

with

bue=3palc®?e* 12 (bicosa—b,sina),
bus=3palc®?e (b cosa+b;sina), (A24)

Equation (A 22) can be further reduced to an equa-
tion for the complex variable b=b,+1ib; reading
b +i(Ky—d)b (A 25)

= —exp(ia) ¢y 32 % (e" 12 cos a—ie'?sin a)

with boundary conditions b(L) =b(0). For the
sake of brevity, we have not indicated here the way
to obtain the solutions (A 23), (A 25) of Equation
(A 20). One possible way is the theory of magnetic
differential equations near the magnetic axis (see,
for example 1*). Another way may be found within
the framework of the Hamada formalism and is ex-
plained in more detail in Appendix II.

We now consider Equation (A 12). Introducing
the Fourier analyzed form of V5:
Va=Vs.cosu+Vsissinu (A 26)
+Vag.cos3u+Vagsin3u
and substituting Eqs. (A 19), (21), (26) in Eq.
(A 12) the latter one is resolved into four Fourier
components analogous to Equation (A 26) :

—3 o' Vte —2 bos Vate — 3 bos Vaze + 2 boe Vs
+3boc Vazs+2Vanle— 35 Voo buss

+ Vocle— 4§ Voo bigs — 2 Ve bige + boo Vats + o Ve’
+eod Vas +2¢o% Vo cosa

’ F .
+ecoxVs cosa—2cyna Vi sina=0,

(A 27a)
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—3 co’' Va1s+2 bos Vs1s — 3 bos Vass + 2 boc Ve
—3boc Vase +2 Voo Iy + 3V byge

~VoeIy— $ Ve biie +2 Ve bise— boo Vste + co Vs’
—cga Vs +2cox Vg sina

(A 27b)

7 . 4
—co# Vo sina —2c¢yxa Vs.cosa=0,

- bOs V3lc . bOc V3ls
+Voclo+ % Vo biss +cox Vs cosa
+2 CoA o Vgc sin a — % CO/ V33c -2 V20 b135

+3bgo Vass+coVase +3coa’ Vaz=0,  (A27c)

— bos Vis + boe Ve

+ Voo ls— % Voo biie+co% Ve sina
—2¢co#a Vg cos a—3 ¢y Vazs— 2 Vg byse
3 by Vase+ o Vass —3 o Vage=0.  (A27d)

The equations contain the quantities b3, and by,
which are still unknown. Since we want to prescribe
geometrical quantities in third order rather than the

(e+ i) [—L(C"+e—)§c+§c'+LK0'§s}
e e e

2 Co
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Fourier components b3, b3, of the third-order
transverse magnetic field, we eliminate b3, and by3;.
The resulting two equations contain only the Fou-
rier components of V3 as unknowns. We now use

ST
w
Q
+
S——
an
|
So
-

Vaije=n2L 1cyl
VSls =21 Co 1

A
- 1\<
Vsse=n%L 1601[<e—~)5c+6}, (A 28)
A

Vi=ntL eyl (L—%
L
where
Scosa—ssina=3S,, Ssina+scosa=3S, (A 29)

and which is obtained from Equation (5). Finally,
we substitute Eqs. (A 13), (15), (16), (19), (23),
(28) in the two equations for the Fourier compo-
nents of V3 and get

1

Co

+-—< —e—)a_a’_eKO’A=R1,
2 e

Co

(3e+ %) [— (‘I—EO‘+3e>§5+§s'—eK0/§c] e [— —;— (-C~°-»+%)A+A’] +eKyd=Rs,

200 2 e

R — L—x{2sina [_K0'+a'(3e—£) +4re]
8n

e

€o

! 2 i 2 f 1 —
+cos a [Co(e-— *) +2—’f~'(e+ *)—6(36+2)] +77§777Lb115},
Co e % e e e 3 xcp

R2=€2£—}£'{2COS(1[K0’+(1’ (2e——3—) —4«r/e]
8x e

+sin a

If ¢y and e are not constant, it is useful to reduce
these equations further by introducing

K% 00—1/2 e~ 12 §c , S*=cy 12302 §S ,
S*—cy VGRS, At =g RNz Y,
Equations (A 30) then read
(e + %*) [S.* + Ko Sg*] — :1; 0* —e K, A*
=cy M2 e 12R,, (A 31)
(3 e+ —‘13‘) [S* — Ky S.*] —ed* + % K, 6*
= C()_l/2 6_3/2 Rg .

Here, in general, two of the four quantities S.*,
S¢*, 0%, and 4* may be prescribed. The calculation

(A 30)

’ 1 \ ./ ’ =
CL(— —2e) +2-y~ (2e+ L)-l— = <Ze+ 3)} —lgﬁlfbnc}-
co \e % e e e 3 ecyx

of third-order quantities can be completed by ob-
taining by3s and by3, from Eqs. (A27c¢,d) and c3
from Equation (A 8).

Appendix II

Here we develop the Hamada formalism as far as
is necessary for the evaluation of the criteria (18) —
(20). We have to solve the equilibrium equations
written in Hamada coordinates:

B=jro+Pr;, =3,
j=Ire+ir,,
P =1®-]J X

(Bla—g)
ry (rexrg)=1,
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(4:59:¢+de:),9 = (§99;+29@@),: =0,

(Dgre+igve).e — (Pg+ige).v =1,

(D go: +7906) v — (Pgr:+igve),e=]
in the neighbourhood of the magnetic axis by an
expansion of the position vector T (¥, ©,{) in pow-
ers of V12, In order to be able to use the Frenet
formulae

t=xn, n'=—-(tb+xt), b'=wn, (B2)

where the prime indicates the derivative with respect
to the arc length [ of the magnetic axis, we perform
the expansion in two stages

r(V,0,l) =ry(l) + 1., O) V2
+r2(ls @) V+0(V3/2) H

LV, 0,0) =L(0) +1(O,0) Vi
+5L(0,5)V+0((V32) .
Here, 1y(l) describes the magnetic axis and

r=5LO)Mn+n1,0)b, ro=5n+b (B4)
lie in the plane perpendicular to the magnetic axis
at the value [ of the arc length. One then obtains
To=(tlho+T6) V' + (tho+Tlie
+T0)V+0(V3R),
re=th+ (i +ryub)VRE+07),
ry=3@L+r)VR+0(0),
so that
goo= (L, +£67+n,6°)V +0(V37)
gue=lb2+2l(h—=b: OVE+OF),
grv=1(12+ 84+ )V 1 OV 1?),
gor=lboe oV +[hebo—-2holoexé +liche
+lhott(Een—1608) +h:(Eeéi+nem)]V
+EF
gov=3Ulo+&E0+776) +0(VR),
gev=3l LV 2+0(V), (B5)

We now establish the relationship of the Hamada

coordinates ¥, ©, { to the geometrical o, ¢, I. Be-
cause of Eq. (B 1a)

loe = co/ Dy
Go=1"1, I=§dlfc,
=171 [odl/cy+O (V).
Because of Eq. (B 3), (B4)
ocosp=EVIRLO(V),
esing=nV'"2+0(V),

(B3)

so that
(B6)
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which leads with the geometrical representation of
the volume

V=ncylo®[ecos®u+ (1/e)sin?u] +0(0%) (B7)
to (p=u—a)
&= (mly;) "2 [ecos?u+ (1/e)sin®u] ~1/2
*(cosucosa+sinusina) ,
n=(zl;) "2 [ecos?u+ (1/e)sin® u] "1

*(sinucosa—cosusina) .
Since

cosulecos®u + (1/e)sin®u] 12
—=e 12 cos [arctan (e !tanu)],
sinu[ecos®u + (1/e)sin2u] ~1/2
= e!2sin [arctan (e !tanu)],
we choose for the Hamada coordinate ©
27 O =arctan (e 'tanu) — K (I) + O (V12), (B 8)
where K (I) is arbitrary at this point except for the
periodicity condition
K(L) —-K(0) =$rdl+a(L) —a(0),
where a(L) —a(0) =na (n/2 is the number of
full turns of the elliptical cross-section) and §7dl
=2am (m is the number of turns of the normal

over the length L of the magnetic axis). One then
obtains

E=¢f,c0s2nO@+&sin27 O,
N=2%.c0827 O +7,sin27 6O,
Ee= (mtly:) "1 (el2sinK sina +e 12 cosK cosa) ,
Es= (aly) 12 (el cos K sina

Ne= (lys) "12(e2sinK cosa —e 12 cosK sina) ,

(B9)

—e 12sinK cos a) ,

ns= (7ly;) "2 (e cos K cos @ +e 12 sin K sin a) .
We now solve the equilibrium Eqs. (B1d—g):
O (V%) of Eq. (B1d):
1=3Uh:(En0—nE6) =alys(£cns—Ene) (B10)
O(V12) of Eq. (Ble):
belio:—loeclio+tlsliee=2%1% ¢,
O(V~12) of Eq. (B14):
loslie—locci+ilyclio=22%0 26, (B11)
O(V~12) ofEq. (B1g):
3lhclio—3hoelo:=0,
O(V?) of Eq. (B1g); mean value with respect to O
of this equation:
2l x (ko) + (Lilie)+2l:t(Een)
+h: (5681 +1n61.0)
+e(le?+E® +me2) =] D. (B12)
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Equations (B9) solve Eq. (B10), and Eq. (B11)
is further reduced by Fourier analysis of /;:
li=l,cos2a0 +1,sin276O
leg— (ogeflog) le +2 el =22l &,
Le— (Qogeflog)ls —2 el =251y &s.

Using Egs. (B9), (11), one can finally reduce Eq.
(B12) to

(B13)

4 1 1/ , 27
K'(l) = et 1je (J/P+27+24d) — o1
=Ky —2mfeyl (B14)
[see Equation (10)].
2
[ g900|VV |2 d@=IL2 1+ né‘]’f 12+12— (&
0,¢

Appendix III

Here, we prove the sufficient stability criterion
Eq. (19) by evaluating the criterion obtained in 1°
near the magnetic axis. In terms of

: ey B
A= vy (jxvV) (B V)VV«PVW2
] 3 . S 1
.{}V]VP +1DP—-]y5— (BV) (IgV’—]yIQ),VfVI2}

(see, for example '), the latter criterion reads:

Stability holds if a single-valued function A exists
which satisfies the inequality

B-vA-|VVEA_|VV[242>0. (C1)

For /=0 (which is the only case in which the crite-
rion can be satisfied) we obtain

|VVPEA=Pgos/|VVE+ID— (BV)a

= — (@0% +}.fo’a%)(l,1 V—1/2+0(V0) N

(C2)
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For the evaluation of Egs. (18) — (20) we need
|VZ? and gog|VV |2 on the magnetic axis:

|VE2=gyr 900 — gre?

= =)+ (B le— el

l0’€2
1
g | T B e B15
el g:e —9o:*/ge6 ( )
1 ( Lo )
= 1 _*_ ). -
ly,:* £ %410

Integrating over O one finally gets
= i) (7752 . 77C2 +&2-&3) +4l.1, (e s +8c&s)

+n 2+l + 62+ &2

ﬂlo’g
(B16)
where _ l-QI, -1/2 0
a_|VV2 =a_V71Z+0T% . (C3)
Expanding Eq. (C 1) we therefore find
A=A VI2L Ag+0(VIR)
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3¢ "ol ) =

—(lvrp4)pz0.
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GL -riereazilvria <o,
0
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